In the past two decades, Sorin Popa's breakthrough deformation/rigidity theory has produced remarkable rigidity results for von Neumann algebras M which can be deformed inside a larger algebra M ⊇ M by an action α : R → Aut( M ), while simultaneously containing subalgebras Q rigid with respect to that deformation, that is, such that αt → id uniformly on the unit ball of Q as t → 0. However, it has remained unclear how to exploit the interplay between distinct rigid subalgebras not in specified relative position.
Introduction
Sorin Popa's breakthrough deformation/rigidity theory, initiated in his seminal works [27, 25, 28, 29] , has established the paradigm for how rigidity properties of subalgebras can be exploited in the presence of deformability of an ambient von Neumann algebra, leading to a number of landmark results in directions that had before remained almost completely intractable. We refer the reader to [31, 38, 40, 14, 12] for exposition of this remarkable progress, including the resolution of many long-standing problems.
Given a tracial von Neumann algebra (M, τ ), let Aut(M ) denote the group of trace preserving * -automorphisms of M , and as usual let x 2 = τ (x * x) for x ∈ M . We recall the foundational notions of malleable and s-malleable deformations, due to Popa and developed throughout his work in [27, 28, 29, 26, 30] . Definition 1.1 (Popa) . Let M ⊆ M be tracial von Neumann algebras.
(1) A malleable deformation α of M inside M is an action α : R → Aut( M ) such that α t (x) − x 2 → 0 as t → 0 for each x ∈ M . (2) An s-malleable deformation (α, β) of M inside M is α as above, together with β ∈ Aut( M ) satisfying β| M = id, β 2 = id, and βα t = α −t β for all t ∈ R.
The power of deformability lies in Popa's profound discovery that it allows one to "locate" subalgebras which have properties forcing the deformation to converge to the identity uniformly over their unit balls as t → 0. For example, this applies to all subalgebras with Property (T), a fact used to great effect from the beginning of the subject [27, 25] . More generally, given a malleable deformation α t : M → M of a tracial von Neumann algebra (M, τ ), a von Neumann subalgebra Q ⊆ M will be said to be rigid with respect to α (or α-rigid) if the above convergence holds; that is, if
We will write Rig(α) for the collection of all α-rigid von Neumann subalgebras of M , and MaxRig(α) for the collection of P ∈ Rig(α) which are maximal in Rig(α) with respect to inclusion. It is perhaps surprising that this last definition is worth making, as it is not clear that members of MaxRig(α) arise in enough situations to be of interest. The most striking result of this paper, however, is that in the setting of s-malleable deformations this behavior is in fact typical: Note that by a fundamental insight of Popa [28, Section 3] , when L 2 ( M ) ⊖ L 2 (M ) is a mixing M -M bimodule, the condition Q ′ ∩ M ⊆ M is automatically satisfied whenever Q is diffuse.
There are two main implications from Theorem 1.2. First, the existence of such P ∈ MaxRig(α) establishes that the strong operator topology closure of an increasing chain of α-rigid von Neumann subalgebras containing Q as above is again α-rigid. Second, from the uniqueness of P , it follows that if Q 1 , Q 2 ∈ Rig(α) contain such a Q, then the subalgebra Q 1 ∨ Q 2 they generate is itself α-rigid. It was in fact this second implication that was the motivation for this work, but the first is perhaps the more surprising of the two. Both are evident from the next result, from which Theorem 1.2 follows. We thank Stefaan Vaes for allowing us to use a proof of his which greatly simplified the one given in an earlier draft of this work and improved the estimate below. Then for any Q 1 , Q 2 ∈ Rig(α) with (Q 1 ∩ Q 2 ) ′ ∩ M ⊆ M , and t ∈ R, we have
The proof of Theorem 1.3 relies on several pivotal discoveries due to Popa [28, 30, 32] . In order to explain, we briefly sketch the proof.
Set Q = Q 1 ∨ Q 2 . First, we rely on Popa's key insight that the involution β allows one, by way of his transversality inequality ([32, Lemma 2.1], see Theorem 2.3 below), to prove that Q is rigid by proving that α t (Q) can be conjugated into M by a unitary in M which is close to 1 in · 2 . In fact, the crucial discoveries of Popa in [28, Theorem 4.4(ii) ], [30, Lemma 4.6] , [32, Theorem 4.1] imply that the converse is true: if B ≤ M is rigid, then for small t one can in fact find a unitary close to 1 which implements α t on B. So we know that α t can be unitarily implemented on Q j for j = 1, 2 by unitaries in M which are close to 1. Since (Q 1 ∩Q 2 ) ′ ∩ M ⊆ M, these unitaries differ by a unitary which is in M. So we can unitarily conjugate α t (Q 1 ∨ Q 2 ) into M by a unitary in M which is close to 1, and hence Q is rigid.
A notable consequence of Theorem 1.3 is that any Q ∈ Rig(α) with Q ′ ∩ M ⊆ M has its rigidity controlled by any of its subalgebras N satisfying N ′ ∩ M ⊆ M . Naturally, Q itself then controls the rigidity of any rigid subalgebra containing it. This is worth stating precisely: Then for any Q ∈ Rig(α) with Q ′ ∩ M ⊆ M , and any t ∈ R, we have
One of the major applications of Popa's deformation/rigidity theory is to the class of group von Neumann algebras. In this context, cohomological and representation theoretic data play a significant role. Theorem 1.2 gives a new way to apply these tools to the study of group von Neumann algebras. Suppose that G is a countable, discrete group and π : G → O(H R ) is an orthogonal representation on a real Hilbert space H R . Given a cocycle c : G → H R for π, there is a natural way to "exponentiate" c to construct an s-malleable deformation α c,t : M → M of the group von Neumann algebra M = L(G) (see Section 4 for the precise details). It can be directly established that L 2 ( M ) ⊖ L 2 (L(G)) is a mixing L(G)-L(G) bimodule if and only if π is mixing, and that L(G) is α c -rigid if and only if c is bounded, i.e., inner. In this context, Theorem 1.2 is analogous to the known fact that if a cocycle associated to a mixing representation is inner on two subgroups with infinite intersection, then it is inner on the group they generate. Indeed, much of the work in this paper is motivated by previous works in cohomology (e.g., [30, 26, 19, 17] ). Our methods produce the following concrete corollary. Theorem 1.5. Let G be a countable, discrete group, and let π : G → O(H R ) be an orthogonal representation where H R is a real Hilbert space. Suppose that π is mixing and that H 1 (G, H R ) = {0}. Then, for any pair Q j , j = 1, 2 of property (T) subalgebras of L(G) such that Q 1 ∩ Q 2 is diffuse, we have that Q 1 ∨ Q 2 has infinite Jones index in L(G).
More generally, let C be the smallest class of von Neumann subalgebras of L(G) that contains all property (T) subalgebras and is closed under the following operations:
• if Q ∈ C, then W * (N wq M (Q)), W * (q 1 N M (Q)), W * (wI M (Q, Q)) ∈ C, (see the discussion preceding Theorem 1.6) • if Q 1 , Q 2 ∈ C, and Q 1 ∩ Q 2 is diffuse, then Q 1 ∨ Q 2 ∈ C, • if (Q j ) j is an increasing chain in C, then j Q j ∈ C, • if Q ∈ C and N is an intermediate von Neumann subalgebra between Q and M such that Q ≤ N has finite Jones index, then N ∈ C.
Then L(G) / ∈ C.
If π is the left regular representation and G is nonamenable, then the assumption H 1 (G, H R ) = {0} is equivalent to saying that the first ℓ 2 -Betti number of G, denoted β 1
(2) (G), is positive [19] . Viewed from the lens of ℓ 2 -Betti numbers, Theorem 1.5 is analogous to results of Peterson and Thom (see [19, Theorem 5.6, Corollary 5.8] ). They show that if β 1 (2) (G) > 0, then G cannot be generated by two property (T) subgroups which have infinite intersection. As another example, under the hypotheses of Theorem 1.5, suppose that Q 1 , · · · , Q k ≤ L(G) are diffuse, have property (T), and that [Q j+1 , Q j ] = {0} for j = 1, · · · , k − 1. Then Q 1 ∨ Q 2 ∨ · · · ∨ Q k has infinite Jones index in L(G). This is analogous to a result of Gaboriau in the group case, in the context of cost (see [7, Critres VI.24.] ). The case of group von Neumann algebras is also one situation where we can give concrete examples of MaxRig(α). See Corollary 4.4 below.
Returning to the general context of malleable deformations, we remark that many of the properties we can establish for elements of MaxRig(α) are analogous to properties of Pinsker algebras in the context of entropy theory for measure-preserving systems. To illustrate how this perspective interfaces with Popa's deformation/rigidity theory, we discuss the case of weak normalizers of rigid subalgebras here and refer the reader to Theorem 5.1, several of the parts of which have analogues in the entropy theory context, for other instances.
By work of Popa in [28, Theorem 4.1, Theorem 4.4 ] (see also [38, Section 6] ) and Peterson [17, Theorem 4.5] ), it is well known that if (α, β) is an s-malleable deformation of an inclusion of tracial von Neumann algebras M ⊆ M , then mixingness of L 2 ( M ) ⊖ L 2 (M ) as an M -M bimodule often allows one to upgrade certain properties of a diffuse von Neumann subalgebra Q ⊆ M to various weak normalizers. For example, it is well known that Q ∈ Rig(α) gives W * (N M (Q)) ∈ Rig(α) as in [17, Theorem 4.5] . In light of these results and in light of the analogy between elements of MaxRig(α) and Pinsker algebras in the context of 1-bounded entropy/ergodic theory, one might suspect to be able to pass rigidity not just to normalizers, but more generally von Neumann algebraic weak normalizers as in [11] . Fortunately, this is indeed the case. Recall (cf. [28, 26, 15, 8] ) that if M is a von Neumann algebra and N ≤ M, then the wq-normalizer of Q inside of M, denoted N wq
. This is analogous to the wq-normalizer for an inclusion H ≤ G of groups, defined by Popa [26, Definition 2.3] :
The wq-normalizer of groups has already seen many applications in context where cohomology of groups with values in a unitary representation are relevant (e.g., [26] , [19] ). The wq-normalizer of von Neumann algebras also appears naturally in situations where cohomology of von Neumann algebras is concerned (see, for example, [8] ). The one-sided quasi-normalizer is the set of all
and is denote q 1 N M (N ). We say that N is one-sided quasiregular in M if W * (q 1 N M (N )) = M. The one-sided quasi-normalizer first appears in [?], where they use the term "discrete" to refer to a quasi-regular inclusion (see also [20, Proposition 1.3.1] ). The inspiration for the one-sided quasi-normalizer can be traced back to the work of Popa in [?] . We can prove that, under the assumption that L 2 ( M ) ⊖ L 2 (M ) is a mixing M -M bimodule, rigidity passes from a diffuse algebra to the von Neumann algebra generated by its wq-normalizer, as well as its one-sided quasi-normalizer. We can also upgrade rigidity to the weak intertwining space, W * (wI M (N, N )), defined by Popa in [33, 21] (see also [26, 15, 8] for related notions). We recall the definition of the weak intertwining space in Section 6. [34, Theorem 6.5] ). Despite the elegance and generality of these results, the results of this paper constitute the first instance where one can upgrade rigidity, and not just intertwining, to the von Neumann algebra generated by "weak versions" of the normalizer (specifically the wq-normalizer, the one-sided quasi-normalizer, and the weak intertwining space), in the general abstract setting of a mixing s-malleable deformation of a tracial von Neumann algebra. Part of the difficulty is that none of these "weak normalizers" are groups. We refer the reader to the discussion following Corollary 6.7. We remark that if M ≤ M is coarse in the sense of [21] , and if Q ≤ M is α-rigid, then so is the von Neumann algebra generated by the singular subspace of Q ≤ M as defined in [11] (see Section 6 for the relevant definitions). This is a direct analogue of [11, Theorem 1.5] .
Lastly, we present applications to L 2 -rigidity of II 1 factors initiated by Peterson [17] . The notion of L 2 -rigidity is significant because it is one of a very few cohomological properties which is well-defined for all II 1 factors and which implies (and is implied by) interesting structural properties. For example, nonamenable II 1 factors with property Gamma or property (T) are L 2 -rigid [17] .
Using the dilation theorem of Dabrowski (see [4, Theorem 20, Proposition 31] as well as [5, Theorem 3.1]), we are able to give an analogue of our main results in the context of L 2 -rigidity. Theorem 1.7. Let M be a II 1 factor, and let L 2 Rig(M ) denote the collection of all diffuse von Neumann subalgebras of M which are L 2 -rigid in the sense of Definition 7.2. If Q ∈ L 2 Rig(M ), then Q is contained in a unique maximal P ∈ L 2 Rig(M ).
Moreover, L 2 Rig(M ) is closed under the following operations:
and N is an intermediate von Neumann subalgebra between Q and M such that Q ≤ N has finite Jones index, then N ∈ L 2 Rig(M ).
In particular, this establishes one additional permanence property of L 2 -rigidity which is analogous to a permanence property we have for groups with vanishing first ℓ 2 -Betti number. For example, it is known that if two subgroups of a fixed group have vanishing first ℓ 2 -Betti number and infinite intersection, then the group they generate has vanishing first ℓ 2 -Betti number.
Structure of the paper. Aside from the introduction, this paper has six sections. In Section 2, we remind the reader of important notions in von Neumann algebras, in particular, Popa's notion of an s-malleable deformation of a semifinite von Neumann algebra. In Section 3, we establish the crucial estimate Theorem 1.3 from which we derive Theorem 1.2. The discussion found in Section 4 is devoted to the case where the von Neumann algebra and the deformation arise from group-theoretic considerations. Section 5 is devoted to investigating permanence properties of maximal rigid subalgebras, particularly their behavior under tensor products and amplifications. The consequences of our results in the presence of mixingness are detailed in Section 6.We conclude this paper by exploring connections of our results to L 2 -rigidity. In particular, we use our techniques in combination with Dabrowski's dilation theorem to give a new approach to a conjecture of Peterson and Thom [19] .
Preliminaries
We begin by recalling several notions involving semifinite von Neumann algebras. Let M ⊆ B(H) be a von Neumann algebra with unit 1 = id H . The set For our purposes, it will be important to recall Popa's notion of an s-malleable deformation in the semifinite setting. Definition 2.1 (Popa, cf. [27, 28, 29, 26, 30] ). Let (M, τ ) be a semifinite tracial von Neumann algebra. An s-malleable deformation of M is a tuple ((α t ) t∈R , β, M , τ ) where • ( M , τ ) is a semifinite tracial von Neumann algebra and M ≤ M in a trace-preserving way, • t → α t is a homomorphism, • α t is a trace-preserving automorphism of M for each t ∈ R, and for every x ∈ M the map t → α t (x) is continuous if we give M the strong topology, • β is a trace-preserving automorphism of M with β 2 = id, β M = id and βα t = α −t β for all t ∈ R.
Though we use a different notation τ for the trace on M , we will often in proofs just write the trace on M as τ for ease of notation. As the embedding M ≤ M is trace-preserving, this will cause no confusion.
We will not actually need to use that β 2 = id, but this is a standard assumption and we may typically assume it without much loss of generality. In most arguments, one does not usually need to work with all of M , and it is sufficient to understand how the deformation behaves on the subalgebra t∈R α t (M ). It is easy to see that if we only assume the first two items of Definition 2.1, then β 2 t∈R αt(M) = id . So removing the assumption β 2 = id does not typically lead to different results.
We also remark that we do not really need to assume that β is defined on all of M , and instead it is sufficient to assume that β is defined on t∈R α t (M ) and satisfies β M = id, βα t = α −t β there. An exercise in using the GNS construction shows that the existence of a β on t∈R α t (M ) which satisfies the first two assumptions of Definition 2.1 is equivalent to the following moment condition: for all k ∈ N, all x 1 , · · · , x k ∈ M, and all t 1 , · · · , t k ∈ R we have:
In fact, applying α s reduces this moment condition to one only involving positive times: for all k ∈ N, all x 1 , · · · , x k ∈ M, all s ∈ (0, ∞) and all t 1 , · · · , t k ∈ (0, s) :
In the classical setting (i.e. the case that M, t∈R α t (M ) are abelian), this is known as saying that the flow α t is time-reversible.
The following is well known, but we include it to ease any concerns the reader may have as to what it means for a one-parameter group of trace preserving automorphisms of a semifinite tracial von Neumann algebra to be continuous. Proposition 2.2. Let (M, τ ) be a semifinite tracial von Neumann algebra and α t : M → M for t ∈ R a one-parameter group of trace-preserving automorphisms. The following are equivalent: (a) t → α t is pointwise strong operator topology continuous;
Proof. (a) implies (b): Obvious from the fact that α t (x * ) = α t (x) * .
(b) implies (c): Since t → α t is a homomorphism, it suffices to show pointwise · 2 -continuity at t = 0. Since α t (x) 2 = x 2 for all x ∈ M ∩ L 2 (M ), and M ∩ L 1 (M ) is · 2 -dense in M ∩ L 2 (M ), it suffices to show that for every x ∈ M ∩ L 1 (M ) we have that t → α t (x) is · 2 -continuous at t = 0. Since x ∈ M ∩ L 1 (M ), we may write x = ab for a, b ∈ M ∩ L 2 (M ). Then:
. By SOT-continuity at t = 0, we have that lim t→0 α t (x) − x 2 2 = 2 x 2 2 − 2 Re( xb * , a ) = 2( x 2 2 − Re( x, x )) = 0.
(c) implies (a): As in (b) implies (c), it suffices to show pointwise SOT-continuity at t = 0.
Fix a b ∈ M ∩ L 2 (M ) and let ε > 0. Apply Kaplansky's density theorem to find a y ∈ M ∩ L 2 (M ) so that xb − yb 2 < ε and y ≤ x . Then:
Since α t M∩L 2 (M) is pointwise · 2 -continuous we can let t → 0 to see that lim sup
Since ε is arbitrary, this completes the proof.
The notion of being rigid with respect to a deformation is crucial for our discussion. Given ((α t ) t∈R , M ) as in Definition 2.1, and a projection p ∈ M with τ (p) < ∞, we say that Q ≤ pM p is α-rigid if sup
One of Popa's key innovations, which will be crucial in our investigation, is the following property of s-malleable deformations, which shows that we may control how fast they converge to the identity in terms of how fast they move elements close to some element of M. The proof follows by the same argument as in [32, Lemma 2.1]. 
Proof of The Main Result
The main goal of this paper is the study of von Neumann subalgebras which are rigid with respect to an s-malleable deformation and maximal with respect to inclusion among rigid subalgebras. For this reason, we make the following definition.
Definition 3.1. Let ( M , α, β) be an s-malleable deformation of M. Given p ∈ P(M ) with p = 0, we say that an α-rigid Q ≤ pM p is maximal rigid with respect to α if whenever P ≤ pM p is α-rigid and P ⊇ Q, then P = Q. If α is clear from the context, then we will often just say that P is maximal rigid.
In this section we prove Theorem 1.2, which is the main result by which we obtain maximal rigid subalgebras. We actually handle the more general situation where the deformation in question is defined on a semifinite von Neumann algebra, and the subalgebra in question is a subalgebra of a finite trace corner. Part of the motivation is this. Fix an s-malleable deformation α t,0 : M 0 → M 0 of a tracial von Neumann algebra (M 0 , τ 0 ). Consider M = M 0 ⊗B(ℓ 2 (N)), M = M 0 ⊗B(ℓ 2 (N)), and α t = α t,0 ⊗ id B(ℓ 2 (N)) . If M 0 is a factor, then a finite trace corner of M is simply an amplification of M. So working in the semifinite context will make it much clearer how maximal rigid subalgebras behave under amplification. Our work applies to the situation where M 0 is not a factor, and so we have a clean picture for "generalized amplifications."
For the sake of exposition, it will be helpful to explicitly give a name to a maximal rigid subalgebra containing a given subalgebra. 
A few comments are in order about the definition. The first is that it may not be the case that rigid envelopes exist, though the main results of this section show that in many natural cases they do. Second, it should be emphasized that the inclusion Q ⊆ P is unital by assumption. This is primarily because we want rigid envelopes to behave properly under compressions and amplifications. Moreover, if we were to allow the inclusion Q ⊆ P to be nonunital, then we could easily have situations where Q has a rigid envelope in our sense but not under nonunital inclusions. For example, if τ is finite, and P is maximal rigid subalgebra of M, and if 1 ∈ P, and P ⊇ Q, then uP u * is also maximal rigid and contains Q for any u ∈ U(M ) with uQu * = Q. For example, we could take
In particular, if p = 0, 1 there are many maximal rigid subalgebras which nonunitally contain Q. See Section 5.2 for situations in which we can describe all maximal rigid subalgebras P which contain a given rigid Q, and so that the inclusion of Q into P is not unital. We use the following notation. Let (N, τ N ), (M, τ M ) be semifinite tracial von Neumann algebras. Given a normal linear map φ : N → M, we let φ ∞,2 = sup x∈N : x ≤1 φ(x) 2 , which we allow to be +∞ if the supremum is not finite. Note that when · ∞,2 is bounded, it can be viewed as the operator norm of φ regarded as a map N → M ∩ L 2 (M ), so it can be thought of as
The proof of the main theorem will make use of the following fundamental result due to Popa (Cf. [28, Proof of Theorem 4.4(ii)]), one of his major discoveries on the power of s-malleability. For the reader's convenience, we reproduce his well known proof.
Proof. It is enough to show that whenever q as in the statement of the proposition is nonzero, there exists a partial isometry v 0 ∈ M and a nonzero projection q 0 ∈ Q ′ ∩ pM p so that
. The required v is then obtained either as v = 0 in the case where q = 0, or as the sum of a maximal orthogonal family of partial isometries obtained as above when q = 0.
Since Q is rigid, we may fix s of the form t/n for some integer n ≥ 1, and so that the unique element ξ of minimal · 2 -norm in the · 2 -closed convex hull of {α s (u)u * : u ∈ U(Qq)} is not zero. By the uniqueness of ξ and the fact that q ∈ Q ′ we then have that
Let ξ = w|ξ| be the polar decomposition of ξ, and let
and hence α s (u)wu * = w by the uniqueness of the polar decomposition, so that α s (x)w = wx for all x ∈ Q (again using that q ∈ Q ′ ).
Since β M = id, we have for every u ∈ U(Qq)
is the right support of ξ * , and hence ww * = α s (q). Now
it is then easy to verify that v 0 has the desired properties.
For the sake of clarity, we isolate below a consequence of combining two foundational results of Popa, namely the preceding proposition and his transversality inequality. The main theorem will follow quickly from this.
Then for any
Proof. Throughout the proof, we use that as a consequence of traciality we have
which is a computation that we leave as an exercise to the reader.
To establish the first inequality, take any
For the third inequality, we use Proposition 3.3. Fix t ∈ R, and to simplify notation let ε = ε t (Q). Let a ∈ M be the unique element of minimal · 2 -norm in the closed convex hull of {α t (u)u * : u ∈ U(Q)}. Then a − p 2 ≤ ε. Let a = v 1 |a| be the polar decomposition of a, and let q = v * 1 v 1 . Observe that q ≤ p, and that p|a| = |a|. As in the proof of Proposition 3.3, we get that v *
Then
We now prove the main result, recovering Theorem 1.3. The proof given here via the preceding proposition is a significant simplification of the argument given in an earlier draft of this paper and gives also an improved estimate; this refinement is due to Stefaan Vaes and we thank him for sharing it with us.
Proof. Fix t ∈ R and adopt the notations of Proposition 3.4. We claim that
With the claimed inequality in hand, we simply apply Proposition 3.4 to get
As promised in the introduction, it is straightforward from Theorem 3.5 to prove Theorem 1.2 since the uniform estimate provided in Theorem 3.5 makes it simple to pass to a inductive limit of subalgebras.
By way of an illustrative example, we give the following result on increasing chains of property (T) subalgebras, the proof of which is now immediate. 
Then there is a rigid envelope P ≤ pM p of Q with respect to α. Further, P has the following properties:
Proof. Let J be the set of all intermediate von Neumann subalgebras N between Q and pM p so that N is α-rigid. Order J by containment. By Theorem 3.5, we know that J is a directed set. Let P = N ∈J N, and let P 0 = N ∈J N. Since J is directed, we know that P 0 is a * -subalgebra of M, and that P = P 0 SOT .
Since this is true for any x in the unit ball of P 0 , the density of the unit ball of P 0 in the unit ball of P and the normality of α t imply that
This shows that (α t − id) P ∞,2 → 0 as t → 0. So P ∈ J, and it is clear that P is the largest element of J.
(i): This is clear from the maximality of P and Theorem 3.5.
By a similar argument as above, we see that σ(P ) is a maximal rigid subalgebra of pM p. Hence we must have that σ(P ) = P.
Having shown the existence of rigid envelopes containing any rigid subalgebra whose relative commutant in M is contained in M , we spend the rest of the paper deriving general results about maximal rigid subalgebras, as well as investigating maximal rigid subalgebras in the special cases (e.g., in the case of deformations of group von Neumann algebras coming from cocycles, as well as the case that L 2 ( M ) ⊖ L 2 (M ) is a mixing M -M bimodule). We close this section with one more general property of maximal rigid subalgebras. We start with the following well known general fact about s-malleable deformations. 
Proof. We first claim that P ′ ∩ pM p is α-rigid. Given ε > 0, choose a t 0 ∈ (0, ∞) so that
) as a · 2 -limit of convex combinations of uα t (x)u * with u ∈ U(P ). So the above estimate shows that
and thus by transversality,
and observe that G is a subgroup of U(pM p), with W * (G) = P ∨ (P ′ ∩ pM p). Therefore to show that P ∨ (P ′ ∩ pM p) is α-rigid it is enough to show that α t converges uniformly on G. Indeed, because of the group structure, we may then use a standard convex hull argument (e.g., as in the proof of Theorem 3.5 above, see also [25, Proposition 5.1]) to find a partial isometry close
For |t| < t 0 and u ∈ U(P ), v ∈ U(P ′ ∩ pM p) we have:
Hence, α t converges uniformly on G and thus P ∨ (P ′ ∩ pM p) is α-rigid.
The experienced reader may note that typically in deformation rigidity one not only has that rigidity passes to relative commutants, but more generally to the von Neumann algebra generated by the normalizer. However, in order to get good control over normalizers of maximal rigid subalgebras, one needs to assume more about the inclusion M ≤ M , e.g., some sort of "mixingness" of L 2 ( M ) ⊖ L 2 (M ) (see Section 6) . Without this assumption, the only general result along these lines is something like Theorem 3.8. Regardless, Theorem 3.8 allows us to say that in the general case the relative commutant of a maximal rigid subalgebra is as small as possible.
Proof. By Theorem 3.8, we have that P ∨ (P ′ ∩ pM p) is α-rigid. By maximality of P, we thus have P ∨ (P ′ ∩ pM p) ≤ P, so P ′ ∩ pM p ≤ P and this clearly implies that P ′ ∩ pM p = Z(P ).
Note that it follows from Corollary 3.9 that abelian, maximal rigid subalgebras are automatically maximal abelian in pM p, and that factorial maximal rigid subalgebras are automatically irreducible subfactors in pM p. We shall see in Section 6 that this can be upgraded in the case that L 2 ( M ) ⊖ L 2 (M ) is a mixing M -M bimodule: maximal rigid subalgebras are automatically singular in pM p.
s-malleable deformations from 1-cohomology
In this section, we give a nice class of examples of maximal rigid subalgebras coming from cocycles with values in orthogonal representation. We begin by recalling some terminology. A homomorphism π : G → O(H) will be called an orthogonal representation. We say that π is mixing if for ξ, η ∈ H the map g → π(g)ξ, η is in c 0 (G, R). We say that π is weak mixing if
for all g, h ∈ G. It is clear that cocycles form a real vector space under the obvious scaling and additive structure. The real vector space of all cocycles is denoted
It is well known that a cocycle is inner if and only if it is bounded, see e.g [1, Proposition 2.2.]. Given a cocycle, we can naturally construct a corresponding s-malleable deformation. It requires an intermediate object, which is the Gaussian algebra.
Fix a real Hilbert space H. Functorially associated to H is a pair (A(H), τ ) where A(H) is an abelian von Neumann algebra and τ is a faithful, normal state on A(H). This pair is uniquely determined (up to state preserving isomorphism) by the following axioms:
• regarding H as an additive group, and U(A(H)) as a multiplicative group, there is a homomorphism ω : H → U(A(H)) so that A(H) = W * (ω(H)), • τ (ω(ξ)) = exp(− ξ 2 ) for all ξ ∈ H. Recall that if (M, τ M ), (N, τ N ) are two tracial von Neumann algebras, and D ⊆ N is a weak *dense * -subalgebra, then any trace-preserving * -homomorphism θ : D → M automatically extends to a trace-preserving embedding N ֒→ M. From this, it is easy to establish that the above axioms uniquely determine the pair (A(H), τ ) up to isomorphism. For existence, see e.g. [18, Section 2.1]. Since A(H) is abelian, we know that (A(H), τ ) ∼ = (L ∞ (X, µ), · dµ) for some probability space (X, µ). Thus one often speaks of the "Gaussian measure space", however this measure space is not canonically associated to a Hilbert space, whereas the Gaussian algebra is. Now suppose that π : G → O(H) is an orthogonal representation. The axiomatic description of the Gaussian algebra shows that every g ∈ G induces a unique trace-preserving * -automorphism σ g of A(H) by σ g (ω(ξ)) = ω(π(g)ξ). Thus we have an action G σ A(H) by trace-preserving automorphisms. So we can form the crossed product M = A(H) ⋊ σ G. To fix notation, we use (u g ) g∈G for unitaries in M which implement the action of G. We now define a deformation which "exponentiates" any cocycle to an s-malleable deformation. It is straightforward to check that α c,t extends to a 1-parameter group of automorphisms of M .
This deformation is due to the last named author [37, Section 3] , and was also used to great effect by the last named author and Peterson [18, Section 3.3] , as well as in [41, 13, 35 ] (see also [3, 36] for related techniques). For some insight into how this deformation interacts with the cohomology of G with values of H, observe that by direct computation we have
). Thus α c,t converges uniformly on G as t → 0 if and only if c is bounded, which is equivalent to c being inner. Since G ≤ U(L(G)) and W * (G) = L(G), the same convexity arguments as in [25, Proposition 5.1] , [17, Theorem 4.5] show that in fact L(G) is α c,t -rigid if and only if c is inner. We proceed to show that maximal subgroups on which the cocycle is inner naturally give rise to maximal rigid subalgebras. We start with the simple case where c is zero on an infinite subgroup. If H is infinite, and if π H is weak mixing, then L(H) is a maximal rigid subalgebra for α c , the s-malleable deformation corresponding to c as defined in Definition 4.2.
Proof. First note that α c,t L(H) is the identity. Let us argue that L(H) ′ ∩ M ⊆ M. Equivalently, we have to show that the conjugation action of H on L 2 ( M ) ⊖ L 2 (M ) has no nonzero fixed vector. It is easy to see that the conjugation action on L 2 ( M ) ⊖ L 2 (M ) is isomorphic to κ ⊗ λ C where:
• κ is the Koopman representation of H on L 2 (A(H)) ⊖ C1, • λ C : H → U(ℓ 2 (G)) is given by (λ C (h)ξ)(g) = ξ(h −1 gh), for all g ∈ G, h ∈ H. Since π H is weakly mixing, we know by [18, Proposition 2.7] that κ is weakly mixing. Hence κ ⊗ λ C has no nonzero fixed vectors, so L(H) ′ ∩ M ⊆ M.
Let P ≤ L(G) be the rigid envelope of L(H) with respect to α c,t . By Theorem 3.5, we have that (α c,t − id) P ∞,2 ≤ 24 (α c,t − id) L(H) ∞,2 = 0 for all small t. Since t → α c,t is a homomorphism, we have that α c,t P is the identity for all t. But then it is easy to see that P ≤ L(H), and so P = L(H).
The proceeding proposition can be bootstrapped to a nicer result, saying that maximal subgroups on which a cocycle is inner produce maximal rigid subalgebras. Suppose that H ≤ G is an infinite subgroup, that c H is inner, and that π H is weak mixing. Let P be the rigid envelope of L(H). Then P = L(K) where K is the unique intermediate subgroup of G containing H which is maximal with respect to the property that c K is inner (such a K exists because π H is weak mixing).
Proof. Find a vector ξ ∈ H so that c(h) = (π(h) − 1)ξ for all h ∈ H. Since π H is weak mixing, we know that π has no nonzero H-invariant vectors. Therefore the fact that c K is inner implies that c(k) = (π(k) − 1)ξ for all k ∈ K. By maximality of K, we must in fact have that K = {g ∈ G : c(g) = (π(g) − 1)ξ}.
Define c(g) = c(g) − (π(g) − 1)ξ, so
Let α c,t , α c,t be the s-malleable deformations corresponding to c, c. Observe that α c,t , α c,t are valued in the same von Neumann algebra (since c, c are valued in the same Hilbert space). The estimate (1) is easily seen to imply that
So a diffuse P ≤ M is maximal rigid for α c,t if and only if it is maximal rigid for α c,t . In particular, Proposition 4.3 implies that L(K) is maximal rigid for α c,t and thus for α c,t as well.
Permanence properties of maximal rigid subalgebras
Having established the existence of maximal rigid subalgebras in Section 3, and also investigated the concrete case of s-malleable deformations associated to 1-cocycles in Section 4, we now turn to establishing general permanence properties of maximal rigid subalgebras. For the convenience of the reader, we state the main conclusions here. As the reader can observe in the statement of Theorem 5.1, there is substantially more we can say in the case that L 2 ( M ) ⊖ L 2 (M ) is a mixing M -M bimodule. Because of this, we defer the investigation of the mixing situation to Section 6. The rest of the Section will be divided into two subsections: one on the behavior of maximal rigid subalgebras under tensor products, and one on the behavior maximal rigid subalgebras under compressions/amplifications. These two subsections together with the work in Section 6 provide a proof of Theorem 5.1.
Remark 5.2. Before continuing further, it may be good for the reader to note that many of the results in this section are inspired by an informal analogy between elements of MaxRig(α) and Pinsker algebras of measure-preserving dynamical systems. For instance, it is known (see [9] ) that if we consider two probability measure-preserving actions G (X j , µ j ), j = 1, 2, of an amenable group, then the Pinsker algebra of G (X 1 × X 2 , µ 1 ⊗ µ 2 ) is the product of the Pinsker algebras of G (X 1 , µ 1 ) and G (X 2 , µ 2 ). This has been extended to the case where G is sofic under mild assumptions on the action by the second named author (see [10] ). This result on Pinsker algebras is in analogy with Theorem 5.1 (1b).
5.1.
Tensor products of maximal rigid subalgebras. The goal of this subsection is to prove that, under mild hypotheses, the tensor product of two maximal rigid subalgebras of M is itself maximal rigid. Recall that maximal rigid subalgebras of s-malleable deformations are in many ways analogous to Pinsker algebras in the context of entropy of probability measure-preserving actions, as well as Pinsker algebras in the context of 1-bounded entropy. Because of this, the proofs in this section follow the method of proof first given in [9] (using some of the modifications given in [10] in the sofic context). As in [9, 10] , we start by first handling the case of tensoring a maximal rigid subalgebra with the trivial deformation, and then reducing the general case to this.
The idea is to prove a "tensor splitting lemma", showing that an algebra decomposes as a tensor product if it is invariant under a sufficiently nontrivial trace-preserving action of a group. In [9, 10] this was done when the action was an ergodic measure-preserving action, but we still state the analogous version for general trace-preserving actions with the necessary modifications for dealing with the "space of centrally ergodic components" (i.e. the elements in the center fixed by the acting group). The following is the tensor splitting lemma we need. Proof. For each g ∈ G, we use α g for the unique continuous extension of α g to a unitary L 2 (N ) → L 2 (N ). Consider the conditional expectation onto Q as a projection operator E Q ∈ B(L 2 (N ) ⊗ L 2 (M )). We then have by Tomita's theorem that
Observe that this implies that E Q (1 ⊗ a) ∈ Z(N ) G ⊗ M for all a ∈ M. We thus have that
for all a ∈ M. We now make the following claim.
Claim: For every a, b ∈ M we have that
To prove this, write a = E P (a) + a 0 , b = E P (b) + b 0 . Now let us compute:
Where in the second and third equalities we use that 1 ⊗ P ≤ Q. Since E Q (1 ⊗ a 0 ) ∈ Z(N ) G ⊗P, we have that E Q (1 ⊗ a 0 ), 1 ⊗ b 0 = 0. This proves the claim. Now fix an a ∈ M. Then by the claim:
Hence E Q = id ⊗E P , and this shows that Q = N ⊗P.
From the preceding lemma, we can easily handle the case of tensoring with a trivial deformation. Proof. Let Q ≤ N ⊗pM p be the rigid envelope of N ⊗P with respect to id ⊗α t . This is possible by Corollary 3.7 and Tomita's commutation theorem. We prove that Q = N ⊗P in two steps.
Step and (Θ ⊗ id)( Q) = Q for all Θ ∈ G, by maximality. Hence, by Lemma 5.3 we have that Q = Z(N )⊗ P , where P is such that Q ∩ (1 ⊗ M ) = 1 ⊗ P . Then P is α-rigid and contains P . Thus P = P by maximality of P . Since Q contains Q ∩ (Z(N )⊗pM p), this proves Step 1.
Step 2: We prove the corollary. Now let G = {1}. We then have that N ⊗1 ≤ Q ≤ N ⊗pM p.
By
Step 1 and Lemma 5.3 we have that Q = N ⊗P, so we are done.
As in [9, 10] , we can bootstrap the case of tensoring with the trivial deformation to the general case.
Theorem 5.5. Let (M j , τ j ), j = 1, 2 be two semifinite tracial von Neumann algebras, and α j t : M j → M j , j = 1, 2 be two s-malleable deformations. Fix p j ∈ P(M j ) with τ (p j ) < ∞ for j = 1, 2. For j = 1, 2 let P j ≤ p j M j p j be subalgebras so that P ′ j ∩ p j M j p j ⊆ p j M j p j . Assume moreover that P j is maximal rigid for α j t for j = 1, 2. Then P 1 ⊗P 2 , regarded as a subalgebra of (p 1 ⊗ p 2 )(M 1 ⊗M 2 )(p 1 ⊗ p 2 ), is maximal rigid for α 1 t ⊗ α 2 t . Proof. Let Q ≤ p 1 M 1 p 1 ⊗p 2 M 2 p 2 be the rigid envelope of P 1 ⊗P 2 with respect to α 1 t ⊗ α 2 t . By symmetry, it is enough to show the following:
Claim: Q ⊆ P 1 ⊗p 2 M 2 p 2 .
To prove the claim, note that for all x ∈ Q we have:
We may find a t 0 > 0 so that for all |t| < t 0 , we have
Note that this implies
Whereas if x ∈ Q, x ∞ ≤ 1 and x 2 < ε we have that
We now apply the transversality estimate for α 1 t ⊗ id : M 1 ⊗M 2 → M 1 ⊗M 2 to see that α 1 t ⊗ id M2 converges uniformly on (Q) 1 .
Observe that
Moreover, since Q and P 1 ⊗M 2 both contain P 1 ⊗P 2 , it follows by Corollary 5.4 and Corollary 3.7 (i) that Q ⊆ P 1 ⊗M 2 .
Compressions of maximal rigid subalgebras. In this subsection we explain how the property of being maximal rigid behaves under amplifications/compressions. Very roughly, what
we will see is that if N ≤ M are tracial von Neumann algebras, and ( M , α t ) is an s-malleable deformation of M, then N s ≤ M s is maximal rigid "with respect to α" if and only if N ≤ M is maximal rigid with respect to α. Of course, this result is not true as stated because α is not defined on M s , and if s is not integer, then there is no clear definition for α s as a deformation of M s . Because of this, we will work in the situation that M is semifinite, and N is subalgebra of a finite trace corner. In the above discussion, this amounts to replacing M with M ⊗B(ℓ 2 (N)), and M with M ⊗B(ℓ 2 (N)). The advantage of this situation is that it makes it clear what the analogue of N s ≤ M s is. We are simply taking corners of N, and either moving between ones of larger or smaller trace. We start with the following proposition. Proof. We may choose a family {v i } i∈I of partial isometries in P so that v *
Fix ε > 0, and choose a finite F ⊆ I so that p F − q 2 < ε. For x ∈ qP q, we then have:
Hence,
Letting t → 0 we see that lim sup
and letting ε → 0 completes the proof.
From Proposition 5.6, it is simple to establish the permanence results we want for (generalized) amplifications/compressions of maximal rigid subalgebras. (a) Suppose that p ∈ P(M ) with τ (p) < ∞, and let P ≤ pM p be maximal rigid with respect to α t . Then for any projection q in P we have that qP q (regarded as subalgebra of pM p) is a maximal rigid subalgebra with respect to α t . (b) Suppose that e, p ∈ P(M ) with τ (p) < ∞, and p ≤ e. Suppose that P ≤ eM e and that pP p regarded as a subalgebra of pM p is a maximal rigid subalgebra with respect to α t . Let f be the central support of p in P. Then for every q ≤ f with τ (q) < ∞, we have that qP q is a maximal rigid subalgebra in qM q with respect to α t .
Proof. (a): Suppose that qP q ≤ Q ≤ qM q and that α t converges uniformly on the unit ball of Q.
Let e be the central support of q in P, and let {v i } i∈I be partial isometries in P so that v * i v i ≤ q, and i v i v * i = e. We may, and will, assume moreover that there is an i 0 ∈ I so that v i0 = q. Let Q = {x ∈ eM e : v * i xv j ∈ Q for all i, j ∈ I}. It is easy to establish that Q is a subalgebra of eM e, and that q Qq = Q. By Proposition 5.6, we know that Q is α-rigid. Because e is central in P, we know that P (p − e) + Q is a von Neumann subalgebra of pM p, and it is easy to see that P (p − e) + Q is α-rigid. Since P is maximal rigid with respect to α t , and P ⊆ P (p − e) + Q, it follows that P = P (p − e) + Q. Compressing by q, we have that qP q = q Qq = Q.
(b): By (a), it is enough to show that (p ∨ q)P (p ∨ q) is maximal rigid in (p ∨ q)M (p ∨ q) with respect to α t . By Proposition 5.6, we know that
is α-rigid and contains (p ∨ q)P (p ∨ q). It is easy to see that pQp is α-rigid in pM p. Since pP p ≤ pQp, this implies that pP p = pQp. Since p has central support equal to p ∨ q in (p ∨ q)P (p ∨ q), it is easy to see that the equality pP p = pQp and the inclusions
In many situations, we will start with a tracial von Neumann algebra (M 0 , τ 0 ) and an smalleable deformation α 0,t : M 0 → M 0 . We may then set M = M 0 ⊗B(H), M = M 0 ⊗B(H), α t = α 0,t ⊗ id, τ = τ 0 ⊗ Tr for some infinite dimensional Hilbert space H. We then get a particularly strong version of maximal rigid subalgebras being preserved under amplifications: if P ≤ M 0 is maximal rigid with respect to α 0,t and if p ∈ P(M ) with τ (p) < ∞, then p(P ⊗B(H))p remains maximal rigid in pM p with respect to α t .
One possible way to view Proposition 5.6 is the following. Suppose p ∈ P(M ), and that P ≤ pM p is maximal rigid with respect to some s-malleable deformation. We can try to find a maximal rigid P ≤ M with p P p = P. The difficulty here is that we do not get a unique such P . However, we can classify all possible choices of P assuming that P and M are II 1 -factors. (i) There is a maximal rigid, diffuse P ≤ M with p P p = P, and so that the central support of p in P is 1. (ii) If P is a factor, if P j ≤ M, j = 1, 2 satisfy p P j p = P, j = 1, 2, and if the central support of p in P j is 1 for j = 1, 2, then there is a u ∈ U(M ) ∩ {p} ′ so that u P 1 u * = P 2 and uP u * = P.
Proof. (i): Since P is diffuse and M is a factor, we may find a collection of nonzero partial
We leave it as an exercise to verify to the reader that this is indeed a von Neumann subalgebra of M, and that p P p = P. Moreover, the central support of p in P is 1 by construction. By Corollary 5.7 (b) we know that P is maximal rigid.
(ii): Since P is a factor and the central support of p in P j , j = 1, 2 is 1, we know that each P j is a factor. So for j = 1, 2 we can find a family of partial isometries (v j i ) i∈I in P j so that
it is then easy to see that u ∈ U(M ∩ {p} ′ ), that u P 1 u * = P 2 , and that uP u * = P.
It is possible to give a nonfactorial version of Proposition 5.8. However in this situation we need to assume in addition that not only is P diffuse, but that it is "diffuse over Z(M )", (i.e. P ⊀ M Z(M ), see Section 6 for the precise definitions). The nonfactorial version follows from the same arguments as in Proposition 5.8, but requires a more delicate usage of the centervalued trace. The central issue is at the beginning of part (i) we have to find a family of partial isometries (v i ) i∈I so that
This is clearly possible when P is diffuse and M is a factor but presents a problem in the general case. One needs to know that the "components" of P in the integral decomposition of M over its center are almost everywhere diffuse. This is indeed the case if P ⊀ M Z(M ), but proving this is sufficient requires some technical arguments. In order to simplify the presentation, and since the factorial case is our main concern, we have elected to not provide the proof of this more general situation.
Since it follows from methods similar to 5.6, we close with a result showing that rigidity passes up from finite index subalgebras. Important in the proof is the usage of an orthonormal basis for over algebra over another, as defined by Pimsner-Popa in [20, Propostion 1.3]. Proof. Choose a Pimsner-Popa basis (m j ) ∞ j=1 for Q over N. Namely, m j ∈ Q and satisfy the following:
where the sum converges in · 2 (see e.g. the proof of [23, Theorem 1.1.6]). Then the Jones index of N inside of Q is easily seen to be 1
. We then have that
We start by estimating x − x K 2 . We have that
For a j > K,
Consider the Jones basic construction Q, e N , where e N is the Jones projection, and let Tr be the natural trace of Q, e N which satisfies Tr(ae N b) = 1 τ (e) τ (ab) for all a, b ∈ Q. The above then shows that
Inserting this into (3) we have
Letting C K = max 1≤j≤K m j ∞ , it is easy to see that
As this is true for every ε > 0, we can let ε → 0 to complete the proof.
Consequences in the Mixing Setting
The results in the preceding sections become more striking and intuitive if we assume that L 2 ( M ) ⊖ L 2 (M ) is a mixing M -M bimodule. This is the case, for example, when α is the s-malleable deformation described in Section 4 associated to the Gaussian action of a mixing representation. The reason for considering the mixing case is two-fold, with both aspects going back to Popa's key insights in [28] . First, mixingness automatically grants Q ′ ∩ M ⊆ M to any diffuse subalgebra Q ≤ M . Second, mixingness allows one to "boost" certain properties from a diffuse subalgebra Q ≤ M to various weak normalizers thereof ([28, Theorem 4.1, Theorem 4.4], see also [38, Section 6] and [17, Theorem 4.5] ).
When the property in question is α-rigidity, Peterson [17, Theorem 4.5] showed that in the mixing context one can upgrade rigidity of a diffuse subalgebra to the von Neumann algebra generated by its usual normalizer; however the case of the weaker normalizers introduced by Popa has remained out of reach, one key challenge being their lack of multiplicative group structure. The main result of this section bridges that gap, showing that α-rigidity of diffuse Q ≤ M does indeed imply α-rigidity of those weak normalizers of Q (see Corollary 6.7 and the discussion directly thereafter).
For simplicity, in this section we will also restrict our attention to the tracial case. We begin by recalling Popa's powerful Intertwining-by-Bimodules Theorem, developed in [25, Theorem A.1], [24, Lemmas 4 and 5] , and [28, Section 2] , and fundamental to deformation/rigidity theory. (1) There exist nonzero projections p 0 ∈ P , q 0 ∈ Q, and a normal unital * -homomorphism θ : p 0 P p 0 → q 0 Qq 0 , together with a nonzero partial isometry v ∈ q 0 M p 0 such that θ(x)v = vx for all x ∈ p 0 P p 0 . (2) There is no net (u n ) n∈I in U(P ) with E Q (qxu n yq) 2 → 0 for all x, y ∈ M .
(3) There is a subgroup G ≤ U(P ) with P = G ′′ which contains no net (u n ) n∈I satisfying E Q (qxu n yq) 2 → 0 for all x, y ∈ M . (4) There exists a P -Q-sub-bimodule K of pL 2 (M )q satisfying dim(K Q ) < ∞.
If the equivalent conditions of the theorem above are met, we say that a corner of P intertwines into Q inside M , and write P ≺ M Q. If P p ′ ≺ M Q for every p ′ ∈ P ′ ∩ pM p, we write P ≺ s M Q. We direct the reader to [39, Section 3] for a number of basic stability properties of ≺ M and ≺ s M (see also [6, Lemma 2.4] ), and to [2, Appendix F] for a detailed exposition of the theory.
One of Popa's essential insights in his development of the intertwining techniques above is their natural interplay with the notion of mixingness relative to a subalgebra ([30, Definition Popa demonstrated in [28, Section 3] how the interplay between these two notions leads to control of relative commutants in the presence of mixingness, in our context automatically granting N ′ ∩ M ⊆ M to any diffuse subalgebra N ≤ M . In fact, recalling that N is diffuse if and only if N ⊀ M C, we have the following more general fact, whose short and well known proof we include for the sake of completeness: Lemma 6.3 (Cf. [28, Section 3] ). Suppose tracial von Neumann algebras A < M < M are such that L 2 ( M ) ⊖ L 2 (M ) is mixing relative to A.
Then for any q ∈ P(M ) and Q ≤ qM q, either
u n ] 2 2 + 2Re δu n , u n δ = 2Re δu n , u n δ → 0, because L 2 ( M ) ⊖ L 2 (M ) is mixing relative to A. Hence δ = 0 and x ∈ M as desired.
We will think of the condition Q ⊀ M N as "Q is diffuse over N ". We remark that it may be easier to the reader on first reading to think of the case N = C1 throughout this section. In this case every instance of "mixing over N " simply becomes "mixing", and every instance of Q ⊀ M N becomes "Q is diffuse."
Because of Lemma 6.3, the relative commutant conditions that occur in the statement of Corollary 3.7 follow from assuming that the appropriate subalgebras are "diffuse over N." Because of this, we can significantly simplify the statement of Corollary 3.7 in the mixing situation. As mentioned above, another particularly nice aspect of the mixing situation is that rigidity automatically passes to normalizers, provided that the subalgebra does not interwine into N.
That mixingness often allows one to upgrade certain properties to (weak) normalizers is a core idea of Popa [28, Theorem 4.1, Theorem 4.4] . See also [38, Section 6] and [17, Theorem 4.5] ).
We give several applications in the mixing context that upgrade rigidity to von Neumann algebras generated by "weak versions" of the normalizer and show that a maximal rigid subalgebra is automatically strongly malnormal in the sense of [21] . We will in fact show a more general statement, namely that for an s-malleable ( M , α, β) of (M, τ ), for a maximal rigid P ≤ M, the P -P bimodule structure of L 2 (M ) ⊖ L 2 (P ) can be expressed in terms of the P -P bimodule structure of L 2 ( M ) ⊖ L 2 (M ).
Particular version of "weak normalizers" we will concerned with are the one-sided quasinormalizer, and the wq-normalizer introduced in the introduction, but there are more general "weak normalizers" where we can also upgrade rigidity to the von Neumann algebras they generate. We also recall the weak intertwining space of Popa. Suppose that (M, τ ) is a tracial von Neumann algebra, and that B, Q ≤ M. As in [28, 22, 21] , if ξ ∈ L 2 (M ), we let
In [22, 21] , Popa defined the intertwining space, denoted I M (B, Q) , to be the set of x ∈ M so that L 2 (BxQ) is finite-dimensional over Q (this was also discussed in [33] ). In [21, Section 2.6], Popa also defined the weak intertwining space, denoted wI M (B, Q) , to be
Naturally, for N ≤ M , p ∈ P(M ), and B, Q ≤ pM p, the space of weak intertwiners in pM p relative to N is given by
Our approach to to upgrade rigidity to the von Neumann algebra generated by these weak normalizers will be by directly exploiting the bimodule structure. Recall that two Q-Q bimodules H, K are disjoint if every bounded, Q-Q bimodular map T : H → K is zero. Given Q-Q bimodules H, K let H s be the set ξ ∈ H so that for every bounded Q-Q bimodular T : H → K we have that T (ξ) = 0. By construction,
So H s is a closed Q-Q subbimodule of H. We call H s the space of K-singular vectors. If K = L 2 (Q) ⊗ L 2 (Q) and H = L 2 (M ) for a trace-preserving inclusion Q ≤ M, then following [11] we call H s the singular subspace of Q ⊆ M , and denote it by H s (Q ⊆ M ). It is a folklore result (cf. [11, Proposition 3.3] ) that if we set H a = H ∩ (H s ) ⊥ , then H a isometrically embeds into an infinite direct sum of K as a Q-Q bimodule.
For a tracial von Neumann algebra and X ⊆ L 2 (M, τ ), we will need to make sense of W * (X). Recall that a closed, densely-defined, unbounded operator T on L 2 (M, τ ) is affiliated to M if its graph, regarded as a closed subspace of L 2 (M, τ )⊕L 2 (M, τ ), is invariant under the diagonal right action of M on L 2 (M, τ )⊕ L 2 (M, τ ). As is well known (see [?, Proposition 7.2.3] ) if T is a closed, densely-defined unbounded operator on L 2 (M, τ ), and T = U T |T | is its polar decomposition, then T is affiliated to M if and only if U T ∈ M, and 1 E (|T |) ∈ M for every Borel E ⊆ [0, ∞). If X is a collection of closed, densely defined operators affiliated to M , we let W * (X) be the von Neumann algebra generated Theorem 7.3.2] that every ξ ∈ L 2 (M, τ ) gives rise to a closed, densely-defined operator L ξ on L 2 (M, τ ) as follows. Let T ξ be the densely-defined operator on L 2 (M, τ ) whose domain is M and which is defined by T ξ (x) = ξx for all x ∈ M. We then let L ξ be the closure of T ξ . In particular, we can make sense of W * (X) for X ⊆ H.
We now show that one can upgrade rigidity of a subalgebra to the von Neumann algebra generated by the space of vectors singular with respect to the orthocomplement bimodule. The proof follows quickly from Proposition 3.4. Theorem 6.6. Let (M, τ ) be a tracial von Neumann algebra, and let ( M , α, β) be an s-malleable deformation of (M, τ ). Suppose that p is a projection in M and that Q ≤ pM p is α-rigid.
View L 2 (p M p)⊖L 2 (pM p), L 2 (pM p) as Q-Q bimodules, and let H s be the space of L 2 (p M p)⊖ L 2 (pM p)-singular vectors in L 2 (M ). Then W * (H s ) is α-rigid.
Proof. Fix t ∈ R and adopt the notations of Proposition 3.4. We claim that γ t (W * (H s )) ≤ δ t (Q). To establish this, taking any v ∈ V t with vx = α t (x)v for all x ∈ Q, we will show that in fact v * α t (W * (H s ))v ⊆ M .
For ease of notation,
Since Θ t is a trace-preserving * -automorphism p M p → p M p, we can extend it to a unitary on L 2 (p M p) which we will still denote by Θ t . By similar remarks, we may regard E pMp as a projection operator on L 2 (p M p). We may thus define an operator
By the pM p-pM p bimodularity of E pMp , and the fact that Θ t Q = id Q , we know that T t is Q-Q bimodular. By definition of H s we thus see that T t | Hs = 0, which implies that Θ t (H s ) ⊆ L 2 (pM p). Hence Θ t (W * (H s )) ⊆ M as desired, establishing γ t (W * (H s )) ≤ δ t (Q). Then Proposition 3.4 gives
so the α-rigidity of Q implies that of W * (H s ).
We now give several corollaries on the structure of maximal rigid algebras in the mixing case. Recall (see [21] 
In [28] (see also [21] ), Popa established a precise and fundamental connection between mixing properties of the inclusion Q ≤ M and malnormality of Q ≤ M, in the sense of either being strongly malnormal or containing the one-sided quasi normalizer. Exploiting this connection lends us the following corollary. For the proof, we recall that if (M, τ ) is a tracial von Neumann algebra, and x ∈ M, then we set x 1 = τ (|x|). (i) For every maximal rigid P ≤ pM p with we have that L 2 (M ) ⊖ L 2 (P ) is mixing relative to N as a P -P bimodule. (ii) If Q ≤ pM p is α-rigid and Q ⊀ M N , then W * (wI pMp (Q, Q | N )) is α-rigid. Hence W * (N wq pMp (Q|N )) and W * (q 1 N pMp (Q)) are α-rigid. (iii) If P ≤ pM p is maximal rigid and P ⊀ M N, then P is strongly malnormal relative to N.
(iv) Suppose that M ≤ M is a coarse inclusion in the sense of Popa [21] . Then for every maximal rigid P ≤ pM p, we have that the inclusion P ≤ pM p is coarse. (v) Suppose that M ≤ M is a coarse inclusion. Then for every diffuse Q ≤ pM p, we have that
Proof. (i): Let H s be as in the statement of Theorem 6.6. Since P is maximal rigid, we have that H s ⊆ L 2 (P ). By the remarks preceding Theorem 6.6, we know that as a P -P bimodule L 2 (pM p) ⊖ L 2 (P ) embeds into an infinite direct sum of L 2 (p M p) ⊖ L 2 (pM p). By mixingness of L 2 (p M p) ⊖ L 2 (pM p) relative to N, we know that L 2 (pM p) ⊖ L 2 (P ) is a mixing relative to N as a P -P bimodule. Then, for all a, b ∈ pM p with E P (a) = 0 = E P (b) we have, by mixingness of L 2 (pM p) ⊖ L 2 (P ) relative to N as a P -P bimodule:
So for each n, [28, Theorem 3.1 ] (see also [21, Proposition 2.6.3] , [38, Lemma D.3] ). The "hence" part follows, since q 1 N pMp (Q), N wq pMp (Q|N ) ⊆ wI pMp (Q, Q | N ), (the inclusion N wq pMp (Q|N ) ⊆ wI pMp (Q, Q | N ) was noted in [15, 21] ). (iii): P ⊀ M N implies P ⊆ W * (wI pMp (P, P | N )) which is α-rigid by (ii). Thus the maximality of P forces W * (wI pMp (P, P | N )) ⊆ P as desired.
(iv): By assumption L 2 ( M ) ⊖ L 2 (M ) embeds into an infinite direct sum of the coarse M -M bimodule. So as pM p-pM p bimodules we have that L 2 (p M p)⊖ L 2 (pM p) embeds into an infinite direct sum L 2 (pM p) ⊗ L 2 (pM p). Since P ≤ pM p, if we view L 2 (pM p) ⊗ L 2 (pM p) as a P -P bimodule, then it embeds into an infinite direct sum of the coarse P -P bimodule. We may now argue as in part (i) to complete the proof.
(v): Let P be the rigid envelope of Q. Then
the last equality following by part (iv). Hence W * (H s (Q ⊆ pM p)) ⊆ P, and thus W * (H s (Q ⊆ pM p)) is α-rigid.
We remark that it is direct to establish, as in [17, Theorem 4.5] , that if Q is α-rigid, and Q ⊀ M N, then α t converges uniformly to the identity as t → 0 on N wq M (Q|N ) in · 2 . However, this is not enough to imply that W * (N wq M (Q|N )) is α-rigid, because N wq M (Q|N ) is not a group. So we cannot apply the same convex hull arguments as in [25, Proposition 5.1] , [17, Theorem 4 .5] to upgrade uniform convergence on N wq M (Q|N ) to uniform convergence on the unit ball of W * (N wq M (Q|N )). In fact, the only proof that we know of rigidity of W * (N wq M (Q|N )) uses either the existence of rigid envelopes, or directly uses Theorem 6.6.
Recall the following notion due to Popa [26, Definition 2.3] : if H is a subgroup of a discrete group G, then H is wq-normal in G if there is a chain (G α ) α indexed by ordinals at most some given ordinal γ, such that G γ = G, G 0 = H, and As an application of Corollary 6.7, we can also say in the mixing situation that if P, Q are maximal rigid subalgebras which are diffuse then no subalgebra of P which is diffuse can intertwine into Q unless P, Q have unitarily conjugate corners. Proof. The fact that Q 0 ≺ M P means that there are projections e 0 ∈ P, f 0 ∈ Q 0 , a unital, normal * -homomorphism θ : f 0 Q 0 f 0 → e 0 P e 0 , and a nonzero partial isometry v ∈ M so that:
We first claim that e ∈ P, f ∈ Q. Let us begin by showing that f ∈ Q. To prove this, set
, so by Corollary 6.7 we know that Q 0 is α-rigid. By Corollary 5.7 (a), f 0 Qf 0 is maximal rigid. Since Q is diffuse and M [L 2 ( M ) ⊖ L 2 (M )] M is mixing, we know that Q 0 has a unique rigid envelope. Since Q 0 ⊇ f 0 Q 0 f 0 , the rigid envelope of Q 0 is the same as the rigid envelope of f 0 Q 0 f 0 . Thus we must have that
To see that e ∈ P, let
We first claim that P 0 is α-rigid.
Since θ(f 0 Q 0 f 0 ) is the image of a diffuse algebra under a nonzero normal homomorphism, we know that θ(f 0 Qf 0 ) is diffuse. So we can argue as in the first paragraph to see that P 0 is rigid. But then we can argue again as in the first paragraph to see that P 0 ⊆ e 0 P e 0 , and thus e ∈ P.
Since v * v = f ∈ Q, vv * = e ∈ P, it is easy to see that v * (f Qf )v is a subalgebra of eM e, and it is easily seen to be rigid. Additionally,
As eθ(f 0 Qf 0 ) is diffuse, we have that v * (f Qf )v ∩ eP e is diffuse. Since M [L 2 ( M ) ⊖ L 2 (M )] M is mixing, we know that v * (f Qf )v is contained in a unique rigid envelope. Since v * (f Qf )v ∩ eP e is diffuse and eP e is maximal rigid by Corollary 5.7 (a), it follows that the rigid envelope of v * (f Qf )v is eP e. So v * (f Qf )v ⊆ eP e. But then f Qf ⊆ v(eP e)v * , and since v * v = e ∈ P we know that v(eP e)v * is a rigid subalgebra of f M f. Since f Qf is maximal rigid, this implies that v(eP e)v * = f Qf. Since M is finite, we may find a u ∈ U(M ) so that ue = v, and then we have that u(eP e)u * = f Qf.
We have the following dichotomy for weak intertwining spaces of maximal rigid subalgebras. 7. Applications to L 2 -rigidity L 2 -rigidity is a von Neumann algebraic analog of vanishing of first ℓ 2 -Betti number for countable, discrete groups. It is not hard to see that for a countable, discrete group G with positive first ℓ 2 -Betti number, the corresponding group von Neumann algebra L(G) is not L 2 -rigid. The converse is a well-known open problem in the subject. Nonetheless, there are many well established parallels between L 2 -rigidity and vanishing of the first ℓ 2 -Betti number. For example, as with ℓ 2 -Betti numbers, one can show that L 2 -rigidity of L(G) is invariant under orbit equivalence [18] . L 2 -rigidity of L(G) implies cocycle superrigidity of Bernoulli shifts, and similarly having positive first ℓ 2 -Betti number is an obstruction to even T-cocycle superrigidity (see [18, Section 5] ).
Let (M, τ ) be a tracial von Neumann algebra, and let H be an M -M bimodule. We assume that there is an antilinear involution J : H → H such that J(xξy) = y * J(ξ)x * for all x, y ∈ M and ξ ∈ H, in which case we say that H comes equipped with a real structure. Consider an M -M bimodule with real structure (H, J). Given a closeable, unbounded operator δ : L 2 (M ) → H, we write D(δ) for its domain. We say that an unbounded operator δ : for all x ∈ D(δ) ∩ M . The semigroup is continuous in the topology of pointwise strong convergence.
The following definition essentially appears as Definition 2.13 in [18] and is a technical modification of [ The Markov semigroup gives a deformation by u.c.p. maps, which is suitable in many instances for running a deformation/rigidity argument. However, this deformation was observed to act poorly with respect to algebraic constructs, such as for the case of tensor products of bimodules [37, 3] , and in those cases it seems necessary with current techniques that the Markov semigroup "lifts" in the sense described below to an s-malleable deformation. With this in mind we fix the following terminology. In the case of a group von Neumann algebra L(G) and a derivation arising from a 1-cocycle: b : G → H, we have that the Markov semigroup is described by the one-parameter semigroup of Schur multipliers ϕ t (g) := exp(−t b(g) 2 ) on L(G), and we have that the s-malleable deformation described in Definition 4.2 gives an s-malleable dilation of this Markov semigroup with f (t) = t 2 . Working with general derivations and their Markov semigroups is much more challenging, but there is a natural framework for dilation theory in the theory of free stochastic differential equations, [4, 16] . The following theorem is due to Y. Dabrowski and appears as a special case of [4, Theorem 20] Note that the dilation of the Schur multipliers ϕ t above obtained from Dabrowski's techniques, which scales for f (t) = |t|, is not the same dilation which is obtained as in Definition 4.2.
Definition 7.5. Let (M, τ ) be a tracial von Neumann algebra and D = ( M i , α i , β i ) i∈I be a family of s-malleable deformations of M. Let p ∈ P(M ) and Q ≤ pM p. We say that Q is:
(i) D-rigid if Q is α i -rigid for all i ∈ I.
(ii) approximately D-rigid if there is a (potentially nonunital) increasing sequence (Q n ) n so that Q n ≤ p n Qp n , each Q n is D-rigid, and Q = n Q n . We call such a sequence (Q n ) n a D-rigid filtration of Q. (iii) approximately L 2 -rigid if there is an increasing sequence (Q n ) with Q n ≤ p n M p n L 2 -rigid for each n and Q = n Q n . We then refer to (Q n ) n as an L 2 -rigid filtration of Q. Fix a ( M , α, β) in D L 2 . The fact that L 2 ( t∈[0,∞) α t (M )) ⊖ L 2 (M ) embeds into an infinite direct sum of the coarse bimodule implies in particular that it is a mixing M -M bimodule. This is strong enough of an assumption that we may modify the proof of Theorem 3.5 to see that if p ∈ P(M ) and Q ≤ pM p is α-rigid and diffuse, then the join of two α-rigid von Neumann subalgebras with diffuse intersection is α-rigid. Similarly every diffuse, α-rigid von Neumann subalgebra has a rigid envelope, and inductive limits of diffuse, α-rigid von Neumann subalgebras are α-rigid.
It may appear that in order to obtain the conclusion of Theorem 3.5 to any pair of α-rigid subalgebras with diffuse intersection, we need to assume that L 2 t∈R α t (M ) ⊖ L 2 (M ) is mixing, because as currently written we need to have that
for any p ∈ P(M ) and any diffuse Q ≤ M . Assuming that L 2 t∈[0,∞) α t (M ) ⊖L 2 (M ) embeds into an infinite direct sum of the coarse does not, a priori, imply that L 2 t∈R α t (M ) ⊖ L 2 (M ) is mixing.
Let us explain briefly why our assumption that L 2 t∈[0,∞) α t (M ) ⊖L 2 (M ) embeds into an infinite direct sum of the coarse is sufficient to obtain the conclusion of Theorem 3.5 under the assumption that Q 1 , Q 2 are α-rigid with diffuse intersection. The main ingredient in the proof of Theorem 3.5 is Proposition 3.3. It is easy to see from the proof of Proposition 3.3 that the v in the conclusion of Proposition 3.3 may be required to be in s∈[0,∞) α s (M ) if t > 0. From here, one can follow the proof of Theorem 3.5 to see that the conclusion of Theorem 3.5 holds whenever p ∈ P(M ), Q j ≤ pM p, j = 1, 2 are α-rigid, Q 1 ∩ Q 2 is diffuse, and L 2 t∈[0,∞) α t (M ) ⊖ L 2 (M ) is a mixing M -M bimodule; indeed since α t (x) − x 2 = α −t (x) − x 2 for all x ∈ M , by considering first only t > 0, the above remarks show that the containment
given by this mixingness (and Lemma 6.3) is sufficient in place of (4).
It is easy to see that Q ≤ M of the form Q = A ⊕ ( n Q n ) is approximately L 2 -rigid if A amenable and each Q n ≤ M is L 2 -rigid. Using Dabrowski's results, we are able to prove by our techniques that possessing such a decomposition completely characterizes approximate L 2 -rigidity. Clearly we need to only focus on the case that Q ≤ M has no amenable direct summand, in which case we have: In particular, we have that Q is approximately L 2 -rigid if and only if it is a direct sum of L 2 -rigid algebras.
Proof. Suppose that Q is a direct sum of D-rigid algebras. First, suppose that Q = ∞ n=1 Q n , where each Q n is nonzero and D-rigid. Let B n = n j=1 Q j .
Then the B n are D-rigid and clearly form a D-rigid filtration of Q. If we cannot write Q as such an infinite direct sum, it must be the case that Q = n j=1 Q j where each Q j is D-rigid. This of course implies that Q itself is D-rigid, and so Q n = Q provides an D-rigid filtration of Q.
In the converse direction, suppose that Q is approximately D-rigid, and let (Q n ) n be an D-rigid filtration of Q. For each n, we may choose a projection p n ∈ Z(Q n ) so that p n Q n has no amenable direct summand and (p − p n )Q n is amenable. Since Q n ⊆ Q n+1 , we must have that p n ≤ p n+1 , and that p n Q n ⊆ p m Q m for all m ≥ n. Also, since Q has no amenable direct summand, we must have that p n → p in the strong operator topology. Since p n Q n has no amenable direct summand, it is diffuse. We also have that p n Q m p n ≥ Q n is D-rigid, whence (p n Q m p n ) m≥n is an increasing sequence of diffuse, D-rigid algebras. From Corollary 1.4 (which, following from Theorem 3.5, applies under these hypotheses by Remark 7.6), it follows that m≥n p n Q m p n is D-rigid. But this inductive limit is easily seen to be p n Qp n , whence p n Qp n is D-rigid. Let z n be the central support of p n in Q. By Proposition 5.6 we know that z n Q is D-rigid. Additionally, we have that the z n 's are increasing and tend to p. So
thus Q is a direct sum of D-rigid algebras.
The final part of the proposition now follows from Remark 7.6.
The notion of approximate L 2 -rigidity captures in the tracial von Neumann algebra setting the vanishing of reduced first ℓ 2 -cohomology for discrete groups, which is meant to address the technical issue that amenable tracial von Neumann algebras are not L 2 -rigid. It is wellknown that for nonamenable groups vanishing of reduced ℓ 2 -cohomology is the same as vanishing of the first ℓ 2 -Betti number by Guichardet's theorem [1, Proposition 2.12.2] . (See also [19, Corollary 2.4] .) In this way Proposition 7.7 may be seen as an analog of Guichardet's theorem for approximate L 2 -rigidity, showing that it essentially coincides with L 2 -rigidity for tracial von Neumann algebras with no amenable direct summand.
It follows from the work of Peterson and Thom, [19, Theorem 2.2] , that for any countable, discrete group G and any two subgroups H 1 , H 2 < G with |H 1 ∩ H 2 | = ∞ it holds that H 1 ∨ H 2 has vanishing first reduced ℓ 2 -cohomology if both H 1 and H 2 do. Motivated by this result, we conjecture the analogous statement should still hold in the II 1 factor case, to whit: Conjecture 1. Let M be a II 1 factor and Q 1 , Q 2 ≤ M such that Q i ≤ M is approximately L 2 -rigid for i = 1, 2. If Q 1 ∩ Q 2 is diffuse, then Q 1 ∨ Q 2 ≤ M is approximately L 2 -rigid.
We note that it follows by [17, Remark 4.2.4] that any approximately L 2 -rigid subalgebra of L(F 2 ) is amenable. Thus a positive solution to Conjecture 1 would imply a positive solution of the following conjecture of Peterson and Thom (see the remarks after [19, Proposition 7.7]):
Conjecture 2 (Peterson and Thom). If Q 1 , Q 2 ≤ L(F 2 ) are amenable and Q 1 ∩ Q 2 is diffuse, then Q 1 ∨ Q 2 is amenable.
